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a b s t r a c t 

Distributed Kalman filter (DKF) is an effective method to solve the problem of state estimation in multi- 

sensor systems. However, the accuracy of conventional DKF may be influenced by the non-Gaussian 

noises and the accumulated errors in local Kalman filters (LKFs). To encounter the above challenges, a 

tightly coupled DKF with covariance intersection is proposed. In our method, using the computation out- 

puts of LKFs, a Gaussian Mixture Model is formulated to address the influence of non-Gaussian noises. In 

order to reduce the cumulative errors from LKFs, covariance intersection fusion is utilized. Furthermore, 

an index-Huber function is designed to reduce the impact of large covariance generated by the LKFs. 

Several simulation and real-world experiments are conducted to show the effectiveness of our methods. 

The method we proposed outperforms three other DKF algorithms in the metrics of RMSE and cumula- 

tive error. In addition, a real-world multi-sensor state estimation experiment is conducted on a hexapod 

robot. 

© 2022 Elsevier B.V. All rights reserved. 
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. Introduction 

Multi-sensor fusion has received much attention in recent years 

ue to its wide applications in complex scenarios, such as GPS po- 

ition, mobile robot navigation, and target tracking [1–3] . Central- 

zed state estimation method is limited by the massive resources 

onsumption in computation and communication in the multi- 

ensor systems [4] . To solve this challenge, distributed Kalman fil- 

er (DKF) is proposed for complex systems with multiple sensor 

odes and multiple agents [5] . For a conventional DKF, there is an 

ndividual Kalman filter on each sensor node, and the final state fu- 

ion is completed by centralized fusion [6,7] . Distributed structure 

an provide local information of sensor nodes and prevent the in- 

uence of outliers on global estimation [8,9] . The approach to fuse 

he estimation results of multiple Kalman filters is an important is- 

ue in DKF. The traditional method is based on the covariance ma- 

rix to calculate the fusion results [10] , while some recent methods 

tilize a centralized Kalman filter for fusion based on the embed- 

ed average [11] . For variants of DKF, such as distributed unscented 

alman filter, a weighted average consensus-based algorithm is in- 

roduced in [12] . For a realistic system which is generally a nonlin- 

ar stochastic system, the noises of the sensor measurements may 
∗ Corresponding author. 
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ot follow Gaussian distributions, which violates the assumption of 

raditional Kalman filter and causes modeling inconsistency with 

he actual system [13,14] . 

Recently, some researchers have proposed a series of meth- 

ds to handle non-Gaussian noises for DKF. Chen et al. [15] pro- 

osed a weighted optimization-based distributed Kalman filter al- 

orithm which creates a new cost function to estimate the model 

oise covariance, and the experiment results demonstrate its ef- 

ectiveness to improves the estimation accuracy in non-linear and 

on-Gaussian tracking problems. In addition, a distributed Gaus- 

ian sum filter was proposed in [16] to track multiple moving tar- 

ets in a non-Gaussian sensor network. In [2] , the Gaussian mix- 

ure model (GMM) is combined with distributed unscented Kalman 

lter, which can overcome the limitation of Kalman filter on non- 

inear and non-Gaussian systems. Compared with a single Gaus- 

ian distribution, GMM can more accurately reflect the data distri- 

ution in the real world [17,18] . When the data completely follow 

 Gaussian distribution, GMM will degenerate into a single Gaus- 

ian distribution. In the presence of multi-sensor error registration, 

he Gaussian mixture implementation can give a closed-form solu- 

ion under the linear Gaussian assumptions on the bias dynamics 

19] . Since the solution of GMM is generally solved by Expectation- 

aximization (EM) algorithm, the fusion results from GMM are not 

uaranteed to be optimal. The accuracy of centralized fusion is di- 

ectly influenced by the weights and the covariances of the distri- 

utions, but current works have not taken this problem into con- 

ideration. In this paper, we analyze the relationship between the 

https://doi.org/10.1016/j.sigpro.2022.108678
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eight and the covariance of the LKF, and propose a novel index- 

uber function to reduce the weight of distribution with large co- 

ariance. 

Since the cumulative error can reduce the fusion accuracy and 

ead to the divergence of the filter, DKF algorithms should consider 

he influence of the cumulative errors from local filters on the fu- 

ion result [20] . Considering that the local and central state esti- 

ates for all nodes are the same, Olfati et al. proposed consensus- 

ased DKF, which uses the consensus result to update local filters 

21] . In addition, covariance intersection is a commonly used fu- 

ion method for state correction of the local filter. Distributed co- 

ariance intersection is discussed in [22] , and experiments show 

hat sequential covariance intersection fusion approach improves 

he accuracy of distributed filter. And Based on previous research, 

ur proposed method utilizes covariance intersection to construct 

 tightly coupled DKF structure. 

In this paper, a novel tightly coupled DKF algorithm utilizing 

ovariance intersection is proposed to correct local filters. Different 

rom previous work, we focus more on the effect of GMM weights 

n fusion accuracy and the cumulative error of local filter. In our 

ethod, GMM is adopted to handle non-Gaussian priors. The lo- 

al filters in our framework may be Kalman filter and its variants, 

ncluding extended Kalman filter (EKF), unscented Kalman filter 

UKF), etc. The proposed method is adapted to solve the problem 

f state estimation and information fusion for systems with mul- 

iple sensor nodes under non-Gaussian noise, such as power net- 

ork, vehicle tracking, and robotics. The main contributions of this 

aper are as follows: 

i) GMM is utilized to fuse the results of local Kalman filters 

(LKFs), which are represented as individual Gaussian distribu- 

tions. Furthermore, a closed-form solution for solving GMM is 

provided. And a tightly coupled DKF framework with covariance 

intersection is developed. 

ii) The relationship between the local covariance and the GMM 

weights is analyzed. And an index-Huber function is designed 

to dynamically reduce the effect of large covariance from LKFs 

on the centralized fusion. 

ii) A simulation experiment and a real-wold experiment on a 

hexapod robot with multiple sensors are conducted to evaluate 

the proposed method. 

The remainder of this paper is organized as follows: 

ection 2 introduces the preliminaries, which describes DKF 

nd GMM. In Section 3 , the framework of our method and the 

pecific methodology are presented. Then Section 4 provides 

xperiment results of a Monte-Carlo simulation example as well 

s a real-world multi-sensor system on a hexapod robot. Finally 

he conclusions and discussions are conducted in Section 5 . 

. Preliminary study 

.1. Distributed Kalman filter 

The definitions of notations in this paper are listed in Table 1 . 

onsider a system with K sensors. Assuming the measurement of 

he k th sensor at timestep t is y k t and the true state of the system

s x t ∈ R 

N . The distributed dynamic system can be described by 

 t = φt x t−1 + c t (1) 

 

k 
t = H 

k 
t x t + v k t (2) 

here the process noise c t ∼ N (0 , Q ) . And φt is the state transi-

ion of the system at timestep t . Assume that there are K nodes 

cquiring measurements from different sensors, the local measure- 

ent updating is described by Eq. (2) . And v k t ∼ N 

(
0 , R k t 

)
is the 

easurement noise of the k th sensor node. 
2 
The state estimation results at each node are given by LKFs. The 

pdate and prediction equations of k th LKF based on its measure- 

ent are expressed as 

ˆ 
 

k 
t = 

ˆ P k t/t H 

k 
t (H 

k 
t 

ˆ P k t/t H 

k 
t 

T + 

ˆ R 

k 
t ) 

−1 (3) 

ˆ 
 

k 
t/t = 

ˆ x k t /t −1 + 

ˆ K 

k 
t 

(
y k t − H 

k 
t ˆ x k t /t −1 

)
(4) 

ˆ 
 

k 
t/t = 

ˆ �k 
t 

ˆ P k t /t −1 
ˆ �k 

t 

T 

+ 

ˆ Q 

k 
t (5) 

here ˆ K 

k 
t is the Kalman gain of the k th sensor node and 

ˆ �k 
t is 

he state transition. The output of the Kalman filter is actually the 

ptimal estimation of the predicted distribution and the measure- 

ent distribution [23] . In addition, the estimation result belongs 

o Gaussian distribution N 

k 
t ( ̂  x k t/t , 

ˆ P k t/t ) . The covariance matrix ˆ P k t of 

he k th-LKF can be calculated by Eq. (5) . The centralized covariance 

usion can be described as 

ˆ 
 

−1 
t/t = 

ˆ P −1 
t /t −1 + 

K ∑ 

i =1 

(
ˆ P i 

−1 

t/t − ˆ P i 
−1 

t /t −1 

)
(6) 

.2. Gaussian mixture model 

A GMM is a parametric probability model represented as a 

eighted sum of multiple single Gaussian models [24] . Multivari- 

te GMM composed of K component Gaussian densities is given by 

he following equation: 

p(x | θ ) = 

K ∑ 

i =1 

w i g ( x | θk ) (7) 

here x = (x 1 , x 2 , . . . , x n ) 
T is a n-dimensional vector, which refers

o n -dimensional input data; θ = ( μm 

, �m 

) represents the mean 

nd covariance of GMM, and θk = ( μk , �k ) represents the mean 

nd covariance of k th Gaussian distribution with mixture weight 

 k . The probability density function of the k th component Gaus- 

ian distribution is 

(x k ;μk , �k ) = 

exp 

(
− 1 

2 
(x − μk ) 

T �−1 
k 

(x − μk ) 
)

(2 π) n/ 2 | �k | 1 / 2 (8) 

Compared with an individual Gaussian distribution, GMM rep- 

esents data distribution using multiple stochastic processes, hence 

t is more capable of describing the complicated distributions in 

eal-world scenarios. 

ExpectationMaximization (EM) algorithm [25] is a classical and 

ffective method to train a GMM, i.e., to determine the parameters 

 k , θk (k = 1 , . . . , K) . The main idea of EM algorithm is to maxi-

ize the likelihood of the data set and it needs multiple iterations. 

owever, state estimation problems are usually sensitive to the 

omputational complexity due to the real-time requirement. There- 

ore, in our method, LKF directly computes the mean ˆ x k t/t and the 

ovariance ˆ P k t , and the maximum likelihood estimation only com- 

utes the parameter w 

k 
t . In this way, GMM can be solved quickly 

ithout tedious iterations, which reduces the computational 

ost. 

. Tightly coupled DKF under non-Gaussian noises 

.1. Design of the framework 

The framework of the proposed method are shown as Fig. 1 . 

ccording to the prior knowledge, the multivariate state vari- 

ble ˆ x k 
t −1 /t −1 

follows the multivariate Gaussian distribution with 

ovariance matrix ˆ P k 
t −1 /t −1 

. Based on local dynamics assumption 
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Table 1 

Notation definitions. 

Notation Description 

t timestep 

k k th sensor node 

ˆ x k t /t −1 state of k th sensor node after prediction at timestep t

ˆ x k t/t state of k th sensor node after updating measurements at timestep t
ˆ P k t /t −1 covariance matrix of k th sensor node after prediction at timestep t

ˆ P k t/t covariance matrix of the k th sensor after updating measurements at timestep t

ˆ x m t fused state based on GMM at timestep t
ˆ P m t fused covariance matrix based on GMM at timestep t

w 

k 
t weight of k th Gaussian distribution at timestep t

λk 
t weight of k th LKF covariance matrix at timestep t

Fig. 1. The framework of the proposed tightly coupled DKF. The GMM is composed of the local Kalman filter results after outlier detection and the weights are computed 

through maximum likelihood estimation. The covariance intersection is utilized to minimize the trace of covariance matrix in the local Kalman filter. 
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ˆ k 
t with local process noise c k 

t−1 
∼ N (0 , ˆ Q 

k 
t ) , the prediction states 

ˆ  k 
t /t −1 

and corresponding covariance matrix ˆ P k 
t /t −1 

can be com- 

uted by Eqs. (4) and (5) . The local information of the k th sen-

or node provides the posterior distribution y k t with measure- 

ents noise v k t ∼ N (0 , ˆ R k t ) for the k th LKF, and the optimal esti-

ation result ˆ x k t/t with covariance matrix ˆ P k t/t can be computed. 

he estimation result follows the multivariate Gaussian distribu- 

ion N 

k 
t ( ̂  x k t/t , 

ˆ P k t/t ) . Since outliers can cause a non-negligible im- 

act on weight computation of GMM, the outlier detection al- 

orithm is used to reject abnormal distribution. Then maximum 

ikelihood estimation is used to compute the mixture weight 

 

k 
t for each LKF. In order to reduce the influence of the dis- 

ribution with large covariance, an Index-Huber function is de- 

igned to decrease weights of the distributions with large covari- 

nce and re-normalize weights ˆ w 

k 
t , where 

∑ K 
k =1 ˆ w 

k 
t . At the end 

f this timestep, the mean ˆ x m 

t and covariance ˆ P m 

t of GMM is cal- 

ulated and the LKF is updated with covariance intersection. The 

ovariance intersection can further improve the estimation accu- 

acy of the local Kalman filter, and prevent divergence to improve 

obustness. 

.2. GMM for DKF fusion 

The results of K Kalman filters are regarded as K Gaussian dis- 

ributions, and a GMM model is used to represent the fusion of 

hese distributions. 
3 
Consider a variable X with mean μ and covariance � following 

aussian mixture distribution. Based on Eq. (7) , we get 

= 

K ∑ 

k =1 

w k μk (9) 

= E(X 

2 ) − μ2 

= 

∑ K 
k =1 w k (μ

2 
k 

+ �k t) − μ2 

= 

∑ K 
k =1 w k �k + [ 

∑ K 
k =1 w k μ

2 
k 

− μ2 ] 

(10) 

Substitute the mean vector ˆ x k t and the covariance matrix ˆ P k t of 

he k th Kalman filter into Eqs. (9) and (10) to obtain 

ˆ 
 

m 

t = μm 

t = 

K ∑ 

k =1 

ˆ w 

k 
t ̂  x k t (11) 

ˆ 
 

m 

t = �m 

t 

= 

∑ K 
k =1 ˆ w 

k 
t 

ˆ P k t + 

[ ∑ K 
k =1 ˆ w 

k 
t ̂  x k t ( ̂  x k t ) 

T − ˆ x m 

t 

(
ˆ x m 

t 

)T 
] 

(12) 

Based on EM algorithm [25] , the weight w 

k 
t can be computed 

or the GMM composed of K Gaussian distributions with known 

eans and covariances: 

(z ik t ) = 

w 

k 
t N 

(
x i t | θ k 

t 

)
∑ K 

i =1 w 

j 
t N 

(
x i t | θ i 

t 

) (13) 

 

k 
t = 

∑ N 
i =1 γ (z ik t ) (14) 
N 
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here N represents the number of samples from the k th Gaus- 

ian distribution, z ik t represents the latent variable, and θ k 
t = (μk 

t = 

ˆ  k t , �
k 
t = 

ˆ P k t ) are derived by local Kalman filter. 

At timestep t , the weights of DKF can be computed by the 

losed-form solution. Based on Eq. (14) , the weights are computed 

ith known mean μk and covariance σk as 

 

k 
t = 

∑ K 
j=1 γ

jk 
t 

K 

(15) 

ombining Eqs. (13) and (15) , the weight can be expressed by the 

robability density function as 

w 

k 
t = 

K ∑ 

j=1 

w 

k 
t N 

(
x j t | θ k 

t 

)
(∑ K 

i =1 w 

i 
t N 

(
x j t | θ i 

t 

)) (16) 

For each sensor node, there exists Eq. (16) , which composes 

 multivariate equation set. The equation set can be decom- 

osed of matrices in order to calculate the weights efficiently. 

ecompose the above equation into matrix form, and define five 

atrices: 

 t � [ w 

1 
t , w 

2 
t , . . . , w 

K 
t ] 

T 
K×1 (17) 

 t � [ L 1 t , L 
2 
t , . . . , L 

K 
t ] 

T 
K×1 (18) 

ˆ 
 t � [ K , K , . . . , K] T K×1 (19) 

 t � 

⎡ 

⎢ ⎣ 

N 

(
ˆ x 1 t | ̂  x 1 t , �

1 
t 

)
· · · N 

(
ˆ x K t | ̂  x 1 t , �

1 
t 

)
. . . 

. . . 
. . . 

N 

(
ˆ x 1 t | ̂  x K t , �

K 
t 

)
· · · N 

(
ˆ x K t | ̂  x K t , �

K 
t 

)
⎤ 

⎥ ⎦ 

K×K 

(20) 

ˆ 
 t � [ 

1 

L 1 t 

, 
1 

L 2 t 

, . . . , 
1 

L K t 

] T K×1 (21) 

here 

 

k 
t � 

1 ∑ K 
j=1 w 

j 
t N ( ̂  x k t | ˆ x j t , �

j 
t ) 

(22) 

ˆ 
 t contains the weighted components of the individual weight and 

istribution. W t is the matrix of weights to be solved and 

ˆ K t is ex- 

ended to the same dimensions as W t to facilitate the operation of 

he matrix. The column vector of S t is composed of the numerator 

n the right-hand side of Eq. (16) . 

According to Eqs. (17) –(22) , Eq. (16) can be re-written as 

 t = (S t ) 
−1 ˆ K t (23) 

ˆ 
 t = S T t W t (24) 

he closed-form solution W t can be calculated as 

 t = (S T t ) 
−1 ˆ L t (25) 

Notice that Eq. (25) is the global optimal solution with 

 K 
k =1 w k = 1 , and it has a unique solution. Since this is an over-

onstraint problem, the solution may not satisfy the condition w k ∈ 

0 , 1] . When the global optimum cannot be reached, EM iteration 

ith known mean and covariance can be utilized to obtain the lo- 

al optimal solution. 
4 
.3. The relationship between weight and covariance 

In this subsection, we analyze the relationship between the 

eight and the covariance of LKF. The weight of distribution in 

MM is solved by EM iteration with known mean and variance. 

onsider a GMM with one-dimension variable x t , and the weights 

f all distributions are initialized to the same value w 0 at the first 

teration: 

 

1 
0 = w 

2 
0 = . . . = w 

K 
0 = w 0 (26) 

 

k 
1 = 

w 0 N (x 1 0 | x k 0 , σ
k 
0 

2 
) ∑ K 

i =1 w 0 N (x 1 
0 
| x i 

0 
, σ i 

0 

2 
) 

(27) 

Let 

 

k 
1 � 

K ∑ 

i =1 

w 0 N (x 1 0 | x i 0 , σ i 
0 

2 
) (28) 

Then Eq. (27) can be expressed as: 

 

k 
1 = 

w 0 N (x 1 0 | x k 0 , σ
k 
0 

2 
) 

D 

k 
1 

(29) 

At every timestep the local state and covariance are corrected 

y the fused results, so the estimation results of LKFs are close to 

he true value x true 
t . Assume x k t = x true 

t + δk 
t , where δk 

t is sufficiently 

lose to zero. 

Since D 

1 
1 

= D 

2 
1 

= . . . = D 

K 
1 

, expand the expression of the numer- 

tor based on Gaussian distribution probability density function as 

 0 N (x 1 0 | x k 0 , σ
k 
0 

2 
) = 

w 0 √ 

2 π
× e 

− (δk 
0 

−δ1 
0 

) 2 

2(σ k 
0 

) 2 

σ k 
0 

(30) 

he derivative of w 0 N (x 1 | x k , σ 2 
k 
) is 

∂w 0 N (x 1 0 | x k 0 , σ
k 
0 

2 
) 

∂σ k 
0 

= 

w 0 √ 

2 π
× ((δk 

0 −δ1 
0 ) 

2 −σ k 
0 

2 
) e 

−
(δk 

0 
−δ1 

0 
) 2 

2(σ k 
0 

) 2 

σ k 
0 

4 

(31) 

Since (δk 
0 

− δ1 
0 
) 2 is sufficiently close to zero, Eq. (31) is nega- 

ive. Therefore, the w 

k 
1 

is negatively correlated with σ k 
0 

. In the jth 

teration, the calculation of the weights can be expressed as 

 

k 
j = 

w 

k 
j−1 

N (x j 
j−1 

| x k 
j−1 

, σ k 
j−1 

2 
) ∑ K 

i =1 w 

i 
j−1 

N (x j 
j−1 

| x i 
j−1 

, σ i 
j−1 

2 
) 

(32) 

 

k 
j � 

K ∑ 

i =1 

w 

i 
j−1 N (x j 

j−1 
| x i j−1 , σ

i 
j−1 

2 
) (33) 

 

k 
j = 

w 

k 
j−1 

N (x j 
j−1 

| x k 
j−1 

, σ k 
j−1 

2 
) 

D 

k 
j 

(34) 

Based on Eq. (31) , N (x 
j 
j−1 

| x k 
j−1 

, σ k 
j−1 

2 
) is negatively correlated 

ith σ k 
j−1 

. The weight of the distribution with large covariance 

ill decrease after each iteration. For the multivariate model, the 

erivation is similar. 

.4. Index-Huber function 

In order to dynamically reduce the influence of the large co- 

ariance, we design an index-Huber function to adjust the weights. 

he proposed index-Huber function is expressed as 

(x ) = 

x α√ 

x 2 α−2 + δ2 α−2 
, x ∈ [0 , 1] (35) 
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Fig. 2. Index-Huber function in Eq. (35) with different parameters. The properties of this function are mainly determined by the parameters δ and α. 
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x

here integer α ( α ≥ 2 ) is the index parameter and δ ∈ (0 , 1) is

he minimal parameter. The index parameter α contributes to ad- 

ust the degree of weight scaling, and the minimal parameter δ is 

o set the threshold value. When x � δ, Eq. (35) can be expressed 

s: 

(x ) = 

x α

δα−1 √ 

x 2 α−2 

δ2 α−2 + 1 

≈ ( 
x 

δ
) α−1 x (36) 

hen x 	 δ, Eq. (35) can be expressed as: 

(x ) = 

x √ 

δ2 α−2 

x 2 α−2 + 1 

≈ x (37) 

The plots of H(x ) with different α and δ are shown in Fig. 2 .

he parameter α affects the function slope in the interval (0 , δ) . 

ccording to the properties of H(x ) , it can be utilized to adjust the

eights solved by EM algorithm, which can reduce the weight w 

k 
t 

hen w 

k 
t < δ and maintain linearity when w 

k 
t 	 δ. 

.5. Outlier detection 

Since the outlier has an impact on weight calculation and fu- 

ion accuracy, the outlier detection is essential in the proposed 

ramework. According to Eq. (31) , when there existing an outlier in 

he distribution, the derivative of w 0 N (x 1 | x k , σ 2 
k 
) may be positive,

hich causes the weights to increase after iterations. The larger 

eight of the distribution with outliers can lead to the decrease in 

usion accuracy, hence the outlier detection is necessary. 

The outlier detection algorithms can be divided into two types: 

ne is detecting the sensor measurement value, and the other is 

etecting the estimation results. In our framework, a measurement 

s detected as an outlier if the Mahalanobis distance exceeds a cer- 

ain threshold [26] . 

 

T 
i,k S 

−1 
i,k 

y i,k > p (38) 

here y i,k is the transition function induced by the kinematic 

odel, S i,k is the corresponding predicted covariance matrix and 

p is the threshold. If an outlier is detected, the distribution is re- 

ected in this step. This method directly detects the outliers in 

ensor measurements with low computational cost. According to 

q. (38) , the estimation results of LKF are guaranteed to be within 

he margin of error, which satisfied the condition that x k t = x true 
t + 

k 
t . Different outlier detection algorithms can be used according to 

ifferent sensor noises and sensor types. For example, the outlier 

etection of hydraulic servo drives in the presence of non-Gaussian 

oises is considered in [27] . 
5 
.6. Covariance intersection fusion 

To improve the accuracy and reduce the cumulative error of 

KF, batch covariance intersection (BCI) and sequential covariance 

ntersection (SCI) are utilized in our framework. Compared with 

CI algorithm which requires a massive computational cost, SCI 

an save computational cost. Although the accuracy of SCI is af- 

ected by the sensor order, in our framework only two covari- 

nce matrices are considered for fusion. The SCI algorithm in our 

ethod is expressed as: 

ˆ 
 

k 
t = 

(
λk 

t 

(
ˆ P k t| t 

)−1 + 

(
1 − λk 

t 

)(
ˆ P m 

t 

)−1 
)−1 

(39) 

At timestep t , the covariance ˆ P k 
t| t of the k th LKF is fused with 

he covariance ˆ P m 

t of GMM. λk 
t in Eq. (39) is an undetermined pa- 

ameter which minimizes the performance index J = tr ( ̂  P k t ) . 

in J = min 

λk 
t ∈ [0 , 1] 

tr ( ̂  P k t ) (40) 

Gold section method and Fibonacci method [28] can be used to 

nd the optimal weighting coefficient λk 
t [29] . Since λk 

t minimizes 

r ( ̂  P k t ) , we have 

r ( ̂  P k t ) ≤ tr ( ̂  P m 

t ) (41) 

r ( ̂  P k t ) ≤ tr ( ̂  P k t| t ) (42) 

When the computational complexity is not considered, BCI can 

lso be utilized to improve the accuracy of LKF. Fusing all covari- 

nce matrices of LKFs, the BCI is expressed as 

ˆ 
 

BCI 
t = 

[ 

K ∑ 

i =1 

λi 
t ( ̂  P i t| t ) 

−1 + (1 −
K ∑ 

i =1 

λi 
t )( ̂  P m 

t ) −1 

] −1 

(43) 

he undetermined parameters λi 
t is to minimize the performance 

ndex J BCI = tr ( ̂  P BCI 
t ) . 

in J BCI = min λi 
t ∈ [0 , 1] tr ( ̂  P BCI 

t ) (44) 

Solving for the parameters λi 
t (i = 1 , 2 , ., K) is a non-linear opti-

ization problem that can be solved by sequential quadratic pro- 

ramming (SQP) algorithm [30] . 

. Experiments 

.1. Simulation experiment 

Consider a multi-sensor tracking system with K sensors: 

 (t + 1) = 

[
1 T 0 
0 1 

]
x (t) + 

[
0 . 5 T 2 0 

T 0 

]
c(t) (45) 
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Fig. 3. RMSE w.r.t. timestep of different methods in the simulation experiment with (a) 10 sensor nodes and (b) 15 sensor nodes. The experiment results demonstrate that 

our tightly coupled DKF outperforms other methods, and verify the effectiveness of the proposed covariance intersection and index-Huber function. 
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Table 2 

RMSE of Different Methods with 15 Sensor Nodes. 

Method Fused RMSE 

Conventional DKF 2.2570 

Centralized DKF 0.4449 

DKF without covariance intersection (GMM) 0.5927 

DKF without index-Huber function (GMM) 0.4711 

Loosely coupled DKF (GMM) 1.8261 

CI-DMCKF 0.4377 

Tightly coupled DKF (GMM) 0.2860 

t

H

t

c

d

t

s

t

o

e

r

c

t

m

t

 i (t) = Hx (t) + v i (t) , i = 1 , 2 , . . . , K (46) 

 = 

[
0 1 

]
(47) 

In the simulation experiments, the sensors measure the veloc- 

ty of the object with sampling interval T 0 = 0 . 25 s . The noise c(t)

nd v i (t) follow the non-Gaussian distribution, and the state x in- 

ludes the velocity and the position. The initial parameters of local 

alman filter are set as: R = 

[
0 . 02 

]
, Q = 

[
1 0 

0 1 

]
, P 0 = 

[
2 0 

0 2 

]
.

he Root Mean Squared Error (RMSE) reflects the deviation from 

he true value is utilized to evaluate the accuracy of the estima- 

ion results. 

MSE = 

√ 

1 

T s 

T s ∑ 

t=1 

(x t − ˆ x t ) 2 (48) 

here ˆ x t is the true state. The RMSE results of different meth- 

ds w.r.t. timestep are shown in Fig. 3 , and the RMSE results at

he final timestep are listed in Table 2 , where tightly coupled 

KF is the proposed method in this paper, conventional DKF, CI- 

MCKF and centralized DKF are baseline methods in [7,11,31] re- 

pectively, loosely coupled DKF is the conventional DKF without 

entralized fusion, LKF 1–10 refers to the local sensor nodes, and 

/o covariance intersection and w/o index-Huber function refer 
6 
o tightly coupled DKF without covariance intersection and index- 

uber function respectively. The experiment results demonstrate 

hat the proposed method outperforms other methods, and the 

onventional DKF method [7] gets the worst performance, which 

oes not consider non-Gaussian noises or nonlinearity. To capture 

he improvement in accuracy of the LKF by the tightly coupled 

tructure, we calculate the cumulative error of the LKF to reflect 

he change in accuracy. As shown in Fig. 4 , the cumulative error 

f loosely coupled LKF gradually increases, while the cumulative 

rror of tightly coupled LKF does not significantly increase. This 

esult demonstrates that tightly coupled structure can reduce the 

umulative error of LKF. 

The trace of the covariance matrix reflects the optimality of 

he estimation results [29] . Comparing the trace of the covariance 

atrix, the accuracy improvement of LKF by covariance intersec- 

ion fusion can be evaluated. Table 3 shows the covariance matrix 
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Fig. 4. Comparison of the cumulative error in the first LKF between tightly coupled DKF and loosely coupled DKF. 

Fig. 5. The weight change with covariance increasing (Expand the covariance matrix of the first local Kalman filter by a multiple of 5, 10 and 20 respectively). 

Table 3 

The Trace of Covaiance Matrix. 

T GMM LKF-1 C-LKF-1 LKF-10 C-LKF-10 

20 9.691 7.475 7.313 12.553 12.132 

40 16.723 14.540 14.352 20.330 19.866 

60 24.646 22.208 22.005 28.256 27.792 

80 33.699 30.318 32.652 36.473 36.071 

100 41.773 38.697 38.463 44.951 44.514 

120 50.910 47.319 47.064 53.197 53.611 

140 60.192 55.939 55.698 62.264 61.832 

160 68.906 64.674 64.412 70.999 70.592 

180 77.410 73.381 73.134 79.734 79.309 

200 87.160 82.227 81.961 88.575 88.172 

t
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race of GMM and LKFs every 20 timesteps, where T refers to the 

imestep, C-LKF-1 refers to the covariance matrix trace of the first 

KF with covariance intersection fusion, and LKF-10 refers to the 

ovariance matrix trace of the 10th LKF without covariance inter- 

ection fusion. The experiments results demonstrate that the co- 

ariance intersection fusion reduces the trace of covariance matrix 

n the LKF. In other words, through covariance intersection fusion, 

he local estimation accuracy is improved. 

In the above experiments, the covariance matrices of different 

KFs are numerically close, so the effect of the index-Huber func- 

ion on the weights is not obvious. Therefore, a controlled experi- 

ent is conducted which expands the covariance of an LKF. Fig. 5 

hows the weight change of the corresponding distribution as the 
7 
ovariance increases. When the covariance increases to five times, 

he weight of the distribution decreases from 0.103 to 0.028. As 

hown in Fig. 6 , the index-Huber function improves the estimation 

ccuracy of tightly coupled DKF algorithm, and with the increase 

f the expansion factor, the index-Huber function has a more sig- 

ificant improvement in accuracy. 

.2. Experiment on a real-world system 

Tightly coupled DKF method is verified on a complex hexapod 

obot system. This system, as shown in Fig. 7 , contains 3 IMU sen-

ors, 18 torque sensors, and 18 joint encoders. Due to the quater- 

ion differentiation, the kinematics differential equation of this 

ystem has strong nonlinearity. Since the IMU sensor measurement 

ill have high energy noise when the robot is walking, the noises 

ollow the non-Gaussian distribution [32] . 

To estimate the body position r, velocity v , orientation q , and 

he positions of 6 foot contact points p i for the robot, two local ex- 

ended Kalman filters which have different kinematics assumptions 

re established. In the first extended Kalman filer (EKF), assume 

hat the robot is always in uniform acceleration motion, which is 

imilar to [26] . The discrete-time equations can be expressed as 

ˆ 
 k +1 = 

ˆ r k + 
t ̂  v k + 


t 2 

2 

(
ˆ C T k 

ˆ f k + g 

)
(49) 

ˆ 
 k +1 = 

ˆ v k 
t 

(
ˆ C T k 

ˆ f k + g 

)
(50) 
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Fig. 6. The effect of index-Huber function on RMSE in different cases: (a) Covariance expansion by a factor of 1.5, and (b) by a factor of 5. 

Fig. 7. The real-world robot system with multiple sensors, including 3 IMU sensors, 

18 torque sensors, and 18 joint encoders. 

q

w

c

I

l

e
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r
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t

t

Fig. 8. The estimated velocity of the robot from T-DKF (tightly coupled DKF) and 

L-DKF (loosely coupled DKF) in different timesteps. The velocity estimated directly 

from the IMU fluctuates considerably, but the GMM fusion results reduce the effect 

of IMU noise. 

Table 4 

RMSE of Different Methods at Different Timesteps. 

T LKF 1 LKF 2 L-DKF T-DKF 

4000 0.6226 0.6188 0.5272 0.4831 

6000 0.9989 0.9906 0.7961 0.6654 

8000 1.2004 1.1898 0.8023 0.7094 

10,000 1.2088 1.1978 0.7847 0.6966 

12,000 1.1291 1.1186 0.7892 0.6982 

14,000 1.0439 1.0339 0.8167 0.7348 

16,000 0.9627 0.9534 0.8372 0.7519 

18,000 0.8662 0.8576 0.8239 0.7495 

T

e

F

m

g

n

t

C

T

l

5

r

s

p

m

ˆ 
 k +1 = ζ

(

t ̂  ω k 

)
� ˆ q k (51) 

ˆ p i,k +1 = 

ˆ p i,k ∀ i ∈ { 1 , . . . , 6 } (52) 

here ˆ C T 
k 

represents the transformation which defines the inertial 

oordinate frame I relative to the body coordinate frame B ; The 

MU measurements ˆ f k and ˆ ω k refer to the acceleration and angu- 

ar velocity respectively. Equation (51) is the incremental rotation 

quation of quaternion. In the second EKF, assume that the robot is 

lways moving at a constant speed, which is similar to Yang et al. 

32] . The discrete-time equations are: 

ˆ 
 k +1 = 

ˆ r k + 
t ̂  v k (53) 

ˆ 
 k +1 = 

ˆ v k (54) 

ˆ 
 k +1 = 

ˆ q k + 

1 

2 

q t �

[(
ˆ ω k 

)

t 

0 

]
(55) 

The velocity ˆ v k and angular velocity ˆ ω k in this method are com- 

uted through the joint encoders measurements, and the calcula- 

ion process is same with [32] . The specific Kalman filter equa- 

ions of two methods can obtained in [26] and [32] respectively. 
8 
he true state of the robot movement is provided by a lidar odom- 

try [33] . The sampling frequency in this experiment is 200Hz, and 

ig. 8 shows the estimated velocity in different timesteps. The IMU 

easurements have high-energy noise when robot contacts the 

round, which causes the velocity measurements to be accompa- 

ied by high-frequency noises. The GMM-based fusion suppresses 

he influence of the high frequency noise from IMU measurements. 

omparisons of RMSE in different timesteps are shown in Table 4 . 

he RMSE of GMM is always the smallest, and the accuracy of the 

ocal Kalman filter is also improved after covariance intersection. 

. Conclusion 

In this paper, we propose a tightly coupled DKF fusion algo- 

ithm based on covariance intersection and GMM. The Monte-Carlo 

imulation experiments show that the proposed method can im- 

rove the accuracy of estimation results and outperforms other 

ethods. The simulation experiments show that the tightly cou- 
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led method can reduce the cumulative error of LKF to improve 

he overall accuracy, and the designed index-Huber function can 

itigate the influence caused by large covariance. A real-world 

exapod robot with multiple sensors is used to evaluate the pro- 

osed method. The experiment demonstrates that the proposed 

ethod can improve the fusion accuracy on a complex system. 

n future works, the influence of covariance on the fusion results 

hould also be considered when solving the GMM weights. 
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